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USE OF THE FINITE ELEMENT METHOD IN
PREDICTING VIBRATIONS OF SANDWICH BEAMS AND
PLATES RESTING ON DEFORMABLE FOUNDATIONS
SUBJECTED TO MOVING LOADS

A. ZBICIAK', M. ATAMAN?, W. SZCZESNIAK?

This paper presents the capabilities of ABAQUS finite-element program [1] in modelling sandwich beams and
plates resting on deformable foundations. Specific systems of sandwich beams and plates separated by an elastic
core layer were subjected to the action of point and distributed moving loads. A few theoretical examples are
provided to present different techniques of modelling the foundations and the moving loads. The effects of the
boundary conditions and of the foundation parameters on the deflections of the analysed structures are also

presented.

Keywords: vibrations of composite beams and plates, deformable foundations, point and uniformly distributed
moving loads, finite-element method

1. INTRODUCTION

Dynamic analysis of beams and plates subjected to the action of moving loads is a crucial element
of the design of bridge structures, road and airport pavements and railway superstructures. The
travel speeds and accelerations of vehicles are among the main factors influencing the deflections,

displacements and stresses induced in these structures. The traffic surfaces are most often designed
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with the use of empirical design methods and typical designs provided by them or by solving statics
problems and adjusting the results by application of a dynamic amplification factor.

Vibrations of beams and plates excited by moving loads have been analysed for quite a long time by
researchers from many different research centres. The problem of vibrations of a flexible simple
beam excited by a moving point force (i.e. load without inertial effect) was analysed by Krylov way
back in the year 1905 [34]. The analysis was extended by calculating a closed form of the particular
integral in the string problem and subsequently in a simple beam problem and presented by Krylov
in the monographs [36] and [35] published in 1913. A number of researchers discussed in their
papers the closed form of the particular integral in the Krylov problem, including Rutshimsky [53],
Kaczkowski [29], Sniady [68], Szczesniak and Ataman [61].

Loading of beams and plates by a moving mass (i.e. load having inertial effect) was the subject of
the first papers published by Stokes [54] and papers of other authors [16], [77], [36], [46] which
were devoted to analysing a massless beam loaded by a moving point mass. Further studies on
loading beams with a moving mass were conducted by Renaudot [52], Bolotin [11-13] and also by
Morgaevskij et al., reported [43]. The problem was also studied by Michaltsos and Kounadis [42]
and many other researchers from different countries including the following Polish researchers:
Naleszkiewicz [47], Kaczkowski [28-29], Langer [37-38], Langer, Klasztorny [40], Sniady [65-66],
Klasztorny [32], Szczes$niak [57], [59].

Vibrations of beams and plates excited by moving oscillators were analysed for example in [62-64].
The effect of the number of terms in a series on the solution of a problem in which a visco-elastic
one-mass oscillator is moving on a beam was investigated by Bajer [10] and also by Szczes$niak,
Ataman and Zbiciak [60].

Among many review articles concerning the action of moving loads on beams and plates the most
prominent are the papers of Jakushev [23-26], Szczesniak [57-59], Ting et al. [69], Panovko [50]
and Kerr [30]. The most important monographs and manuals on the subject were written by Fryba
[18-19], Mutshnikov [45], Kolesnik [33], Bondar et al. [14], Inglis [22], Filippov and Kohmaniuk
[17], Langer [39], Sniady [67], Klasztorny [31] and also Bartshenkov [10]. Also worth noting is the
monograph by Yang, Yau and Wu [72].

Vibrations of sandwich structures (such as two beams or plates bonded by an elastic layer) excited
by moving loads were also investigated. This subject was studied by Oniszczuk [48], Szcze$niak
[55-56], Ataman [4], Ataman and Szcze$niak [5] and many others while beams of transversely non-

uniform stiffness subjected to the action of a moving load are studied in [6] and [7].



www.czasopisma.pan.pl P@N www.journals.pan.pl

USE OF THE FINITE ELEMENT METHOD IN PREDICTING VIBRATIONS OF SANDWICH BEAMS... 53

The main limitation in the application of analytical methods for finding solutions of dynamic
problems of beams/ plates subjected to the action of moving loads is related to fulfilling the
boundary conditions in them. Hence, in most cases approximation methods are used, including the
finite element method (FEM), space-time finite element method, boundary element method,
differential quadrature method (DQM) and finite difference method (FDM) which enable easy
modelling of any boundary conditions. Moreover, these methods allow considering different
properties of the analysed materials and structural components.

A number of researchers have used the finite element method to analyse structures subjected to the
action of moving loads, including the authors of [70], [41], [3], [74], [44] and examples of
application of the Galerkin's method for finite element analysis can be found in [15] and [21].
Examples of application of the space-time finite element method for dynamic structural analysis can
be found in [8] and [9]. The boundary element method was used in combination with the finite
element method to study the soil-pavement interaction by the authors of [49]. In [27] one can find
an example of application of the DQM method for studying vibrations of arch structures.

This paper presents the capabilities of ABAQUS finite-element program [1] for modelling sandwich
beams and plates resting on deformable foundations. Systems of sandwich beams and plates
separated with an elastic core layer were subjected to the action of point and distributed moving
loads. A few theoretical examples are provided in the further part of this paper to present different
techniques of modelling the foundations and the moving loads.

It must be made clear that the subroutines described in the paper exceed the conventional
application of the ABAQUS suite. As such, the techniques discussed below are not to be found in
the ABAQUS user's manuals. Moreover, in many cases we use tools intended for other areas of
application. For example, the user subroutine VDLOAD ([2]) is used to model visco-elastic
foundation. According to the ABAQUS user's manual [1] algorithms of this subroutine are to be
used solely to define loads changing over time. A similar problem will be encountered in defining
point or distributed moving force. Also in this case no instructions can be found in the ABAQUS
documentation.

ABAQUS, similarly to ANSYS and LS-DYNA has an open architecture permitting inclusion of
user-defined subroutines (such as the above-mentioned VDLOAD). This enables users to define
their own models of materials, specify boundary conditions and create new finite elements.
Moreover, user-defined subroutines can be used to specify non-standard loads and are an effective
post-processing tool. The computational capabilities of the systems are expanded with each new

version of the suite owing to added new subroutines. FORTRAN language is used to compile a new
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problem and the source code must be included when submitting the problem for analysis. The
process of compiling and linking is performed by the system itself as long as the version of the

compiler is compatible with the version of the finite-element analysis software.

2. PINNED-PINNED SANDWICH BEAM RESTING ON A VISCO-ELASTIC

FOUNDATION AND LOADED WITH A MOVING POINT FORCE

This example is given to present how the finite-element method can be used for analysing the
dynamic behaviour of a pinned-pinned three-layer beam resting on visco-elastic foundation
subjected to the action of a moving load. The following equation describes the vibrations of such

beams under the moving force P :

4 2 2
@ By ) C) GO ()= (),

where:
w — beam deflection, EJ - equivalent flexural stiffness of a composite beam, 7 — mass of a 1m long

three-layered beam, ¢ and k — coefficients of Kelvin-Voigt foundation.

For solving the problem with the finite-element method the Kelvin-Voigt foundation VDLOAD
user-defined routine was used with the code written in the FORTRAN language. Note that
VDLOAD has a corresponding subroutine in the Standard module named DLOAD having a very
similar syntax.

Let us first consider a system loaded by a moving force. Such loading is modelled by applying the
load through a massless element moving with a specified speed. The most challenging part of
building the model is to specify the conditions of contact between the beam and the moving element
used to apply the force. For this the routines from the Interaction module ([1]) were used. The
following geometrical parameters and material characteristics were applied for the beam:
p=2400kg/m’, [=7m, P=50kN, v=20ms, EJ =1 1,507 MNm?*. The foundation is
described by the following two constants: k=1,25 MN/m’ and & =2,0 kNs/m*. The beam has a

cross-section of bxh = 0.25x0.47 m.
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The geometrical model of the beam, including definition of boundary and loading conditions was
prepared in ABAQUS/CAE module. The finite-element mesh generated for the purpose of this

analysis comprises twenty one nodes and twenty B21 elements (for description of elements see [1]).
The system was analysed over a time span of 7€ <0; 0.507> sec. The step size was calculated by

system at 0.000112 sec.

The graph in Fig. 1 presents the change over time of vertical displacements of the beam midpoint
obtained through solving the problem with finite-element and analytical methods. A very good
agreement of the results can be seen despite a relatively small number of finite elements making up

the analysed beam.
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Fig. 1. Comparative analysis of midpoint deflections determined with the finite-element method and

analytically with the load moving at a speed of v=20 m/sec.

Now let us move to presentation of the load modelling capabilities of the program on the basis of a
moving distributed load. Both the foundation and the load were modelled with the same procedure,
i.e. VDLOAD. When writing the code it is necessary to bear in mind that the pressures exerted by
the foundation and by the moving load should be applied to appropriate parts of the beam. In order
to obtain appropriate effect two areas should be defined in the ABAQUS/CAE module whose
names should be used in the subroutine code.

The results of three simulations in the form of midpoint vibrations are presented in Fig. 2. It is
assumed that the force of P = 50 kN is distributed on the sections of 0.5 m, 1.0 m and 2.0 m in
length, this corresponding to the pressures of 100 kN/m, 50 kN/m and 25 kN/m respectively. The
remaining beam, foundation and the load speed input data are the same as above. Taking account of
a different nature of loading a more refined division was applied by adopting 70-clement grid, thus

reducing the step size to 4.4-107 sec.
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Fig. 2. Midpoint vibration curves for different load distribution lengths

The calculated results clearly show a decrease of the maximum deflection with the increase of the
load distribution length. The curves also show "calming" effect of distributed load on the beam

vibrations.

3. SYSTEM OF TWO BEAMS SEPARATED BY AN ELASTIC CORE LOADED

BY A MOVING POINT FORCE

In this section we present a method of modelling elastic action using the spring discrete finite
elements available in ABAQUS. The problem under analysis are the vibrations of system of two
beams separated by an elastic core resting on a deformable foundation described with the following

set of equations:

4 2
EJ, 9 Wl(x’t)+ m 0 Wl(x’t)+l:1[wl(x,t)—w2(x,t)]: Pé(x—vt),

ox* ot
G-D *wy(x,1) *w,(x,2) ~ o~
E,J, 62 =+ m, 5t2 g [w, (x,2) = wy (x,2))+ ey wy (x,2) = 0,
X

in which all the quantities with subscript "1" concern the top beam and the upper layer of the
Winkler's model and the quantities with subscript "2" concern the bottom beam and the lower

(elastic) layer of the Winkler's model.
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This technique does not require specifying VDLOAD subroutine in order to allow for the reaction
of subgrade. Below are the geometrical parameters and material characteristics of the top and

bottom beams, of the elastic core layer and of the foundation. Top beam: /=6 m, p = 2,500 kg/m3,
E, =10,300 MPa, b, = 0.2 m, #, = 0.1 m. Bottom beam: /=6 m, p = 2,500 kg/m?, E, =30,000
MPa, b, = 02 m, h, = 0.3 m. Elastic constants of the core layer and of the foundation:
k, =45,0 MN/m*, k, =1,0 MN/m’.

The system is subjected to the action of a moving point force of P = 50 kN moving at a constant
speed of v =30 m/sec. Let us start by assuming simple support of both beams.

Each beam is made up of 12 finite elements. The springs representing the interaction of elastic core
layer and the foundation are connected at the beam nodes and pinned to the foundation. Fig. 3

shows an overview of the system with the deformed beams and elastic elements presented against

the contour lines representing the values of equivalent stresses in the outer fibres.
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Fig. 3. Overview of the analysed system against the equivalent stress contour lines (outer fibres of beams) at

the point in time of # = 0.1425 sec. (vertical displacements are exaggerated 6 times)

Fig. 4 presents the midpoint vibration curves for the two beams. The paths of curves are every
similar with higher maximum displacements obtained for the top beam which is attributed to the

core material deformability.



58

www.czasopisma.pan.pl P N www.journals.pan.pl
) N
-

A. ZBICIAK, M. ATAMAN, W. SZCZESNIAK

0,01

0,005

-0.005
-0,01

0,015

displacement [m]

-0,02

-0.025

/\

JWAIA
V VY

v

[\
AV

f
/
7
/

I

0.1

0.2

time [s]

0.3

04

0,5

——topbeam

—bottombeam

Fig. 4. Change of midpoint displacements over time for the top and bottom beams

With the finite element method approximate solutions can be found which would be much more
difficult with analytical methods. In this context we present the results of a comparative analysis of
the behaviour of the system composed of two beams with different support conditions. The results
of the previous analysis where both beams were simply supported are compared with the results
obtained for the system fixed at both ends and the system placed directly on the foundation with no
supports in between. In the last case it was necessary to add two pairs of springs at the removed
support positions (Fig. 3).

The analytical results in the form of midpoint vibrations of the top beam are presented in Fig. 5.

The greatest displacements were obtained for the system with both ends free and the smallest for the

systems in which both beams are fixed at both ends.
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Fig. 5. Influence of boundary conditions on the curve describing midpoint vertical displacements of the top

beam for different end support conditions

4. SYSTEM OF TWO PLATES SEPARATED BY AN ELASTIC CORE, LOADED

BY A MOVING POINT FORCE

In this example we consider vibrations of a system composed of two plates separated by an elastic
core resting on deformable foundation and loaded with a moving force. The motion of plates in

such arrangement is described by the following set of differential equations of motion:

0? L Vst
DViw, (x,y,t)+ml%+k1 [wl (x,3,1)—w, (x,y,t)]zP5(x—vt)5(y—y0),

“4.1)
0w, (x,y,t
D2V4W2 (x,y,t)+m2 %+k1 I:Wz (x,y,t)—w1 (x,y,l‘)]+k2w2 (x,y,t) =0,

where:

D, and D, - flexural stiffness of the top and bottom plates respectively, m, and m, - unit masses of the top
and bottom plates respectively, &, - elastic constant of the core layer, k, - elastic constant of the lower

elastic foundation layer, P - force moving on the top plate parallel to edge x at a distance of y, from the

edge.
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In this example we present a method of modelling elastic visco-elastic action using a combination
method. The foundation is modelled, similarly to the example in 2 above, by using the default
algorithm of the VDLOAD subroutine and the elastic core layer is represented by spring finite
elements, as in Sec. 3 above.

Both plates are 5.0 by 7.0 m in size. Poisson's ratio of v = 0.167 was adopted for both plates. The
remaining input parameters are given below. Top plate: p, = 2,500 kg/m?, E, = 38,600 MPa,

h, = 0.18 m. Bottom plate: p, = 2,000 kg/m’, E,=23,100 MPa, &, = 0.20 m. Elastic constants of the
elastic core layer and of the foundation: k, = 1,100 MN/m?, ky, =110 MN/m?. We assume that the

vertical movements on the plate perimeter are prevented for both plates. The system is subjected to
the action of a point force of P = 115 kN moving at a constant speed of v= 30 m/sec. The path of
the load is parallel to the longer side and coincides with the top slab axis of symmetry.

Each plate is made up of 140 finite elements of S4R type (see [1]). The elastic core layer is
modelled by 117 spring type discrete finite elements. Fig. 6 shows an overview of the system with
the deformed plates and elastic elements presented against the contour lines of twisting moments at

a given point in time.
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Fig. 6. Overview of the analysed deformed system against the twisting moment contour lines at the point in

time of t = 0.1363 sec. (vertical displacements are exaggerated 1000 times)
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The curves in Fig. 7 represent the vibrations of the centre points of both plates. One can clearly see
considerable differences between the maximum deflections in the case of forced vibrations excited
by the load moving on the structure. On the other hand, free vibrations of both plates (when the load

has left the slab) have almost the same frequencies and amplitudes.
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Fig. 7. Variation of centre point displacements over time for the top and bottom plates

In the above example with no damping both the core layer and the foundation are considered ideally
elastic materials. Below are the results of a comparative analysis of the influence of the damping
coefficient of the foundation on the behaviour of the entire system. Two input values were used in

the analysis: ¢ = 10 kNs/m? and ¢ = 1000 kNs/m>.
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Fig. 8. Change over time of vertical displacements of the top slab centre point for different values of the

damping coefficient of foundation

With clearly seen influence of damping there are only small differences between the maximum

displacements at the analysed point of the plate.

5 FINAL CONCLUSIONS

In ABAQUUS the problems of vibrations induced in structures by a load of any type, changing over
time and space are solved by direct integration of the state equations. These methods, also known as
step-by-step integration are applied to the equations of motion without any transformations. It is
assumed that the dynamic equilibrium equation must hold true only at specified points in time
rather than over the continuous set of the time variable. Thus the problem-solving algorithm is
reduced to finding solution at the new time step depending on the solutions at the previous time
step.

If the traffic conditions at the time step i are used to find solution at the new time step i + 1 we are
using an explicit scheme. In the implicit scheme the solution at the time step i+1 is obtained by
satisfying the equation of motion at the same time step (Gomulinski and Witkowski [20]).

The group of explicit schemes includes the central difference and Runge-Kutta schemes. The other

group of implicit schemes includes Newmark's method and Gear's method. Two of them, namely
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the Runge-Kutta and Gear's methods are not commonly used in the area of structural mechanics as
they require converting the equations of motion to a set of differential equations of the 1% order.
This operation leads to obtaining a non-symmetrical state matrix.

Step-by-step integration involves much more algebraic operations. The number of operations
increases with the increasing size of the matrix and with the increasing number of time steps.
Hence, mode-superposition method is used in many situations. In this method the equations of
motion are transformed using eigenvector matrix obtained from eigenproblem solution. The
transformation by modal matrix yields a set of uncoupled differential equations which can be solved
for any excitation by using the Duhamel's integral.

ABAQUS provides two "solver" modules: Explicit and Standard. In the Explicit solver the central
difference method is used to integrate the equations of motion. The other analysis module -
Standard has an implemented solution procedure based on the mode-superposition method.
Besides, for analysing so-called short-term processes the system employs the Hilber, Hughes and

Taylor (HHT) operator (1978) based on the conventional Newmark's differential equations

integration scheme extended by introduction of an additional damping parameter o € <— 1/ 3;0> (see

[1]). The parameter of « enables eliminating the so-called numerical noise associated with high
frequencies and occurring in problems solved with routines using variable integration step size. At
0=0 Newmark's scheme is obtained (=1/4) due to constant integration step size.

The next difference in the integration algorithms employed by ABAQUS is related to the form of
the mass matrix. The Explicit scheme uses a diagonal matrix to uncouple the equations of motion.
The Standard module uses the consistent mass matrix which employs the same shape functions
which are found in the description of the displacement field (Zienkiewicz [75], [76]).

In the analytical examples provided in this paper we used Explicit module, yet it is possible to carry
out conversion with the use of Implicit solver. The capabilities of the two solvers for analysing the

dynamic behaviour of elastic-plastic systems are compared in the paper of Zbiciak [73].
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ZASTOSOWANIE MES DO WYZNACZANIA DRGAN BELEK 1 PLYT NA PODEOZACH ODKSZTALCALNYCH

POD OBCIAZENIEM RUCHOMYM

Stowa kluczowe: drgania belek i ptyt niejednorodnych poprzecznie, podtoza odksztatcalne, obcigzenia ruchome skupione 1
roztozone, MES

STRESZCZENIE

Ograniczeniem zastosowania metod analitycznych do rozwigzania zagadnien dynamicznych belek i ptyt pod
obcigzeniami ruchomymi sg przede wszystkim trudnosci w spetnieniu warunkéw brzegowych w belkach i ptytach. Z
tego tez powodu w wigkszosci przypadkow stosuje si¢ metody przyblizone typu MES, MECZ, MEB, DQM oraz
metode¢ réznic skonczonych, w ktérych tatwo jest zamodelowa¢ dowolne warunki brzegowe. Metody te pozwalaja
rowniez na uwzglednienie roznorodnosci materiatow i elementow konstrukcyjnych.

W niniejszej pracy przedstawiono mozliwosci wykorzystania programu metody elementéw skonczonych (MES)
ABAQUS [1] do modelowania belek i ptyt warstwowych spoczywajacych na odksztatcalnych podtozach. Uktady takie
poddano dziataniu ruchomych obciazen, zaréwno skupionych jak i roztozonych. W kilku przyktadach pokazano rézne
techniki modelowania podtoza i ruchomego obciazenia.

Nalezy wyraznie zaznaczy¢, ze przedstawione tutaj procedury wykraczaja poza klasyczne wykorzystanie programu
ABAQUS. Opisu omoéwionych technik nie znajdziemy w podrgcznikach uzytkownika wymienionego programu.
Czestokro¢ tez korzystano z narzedzi, ktorych standardowe wykorzystanie dotyczy zupelnie innego obszaru
zastosowan. Przykladem tego jest np. modelowanie podlozy lepko-sprezystych za posrednictwem procedury
uzytkownika VDLOAD ([2]). Z dokumentacji ABAQUS-a [1] mozna dowiedzie¢ si¢, Ze programowanie algorytmow w
ramach tej procedury, pozwala jedynie na zadawanie zmiennych w czasie obcigzen. Podobna trudno$¢ napotyka si¢
chcac zada¢ ruchome obciazenie bezinercyjne — skupione albo roztozone. Informacji na ten temat roéwniez prézno
szuka¢ w cytowanej dokumentacji.

Program ABAQUS, podobnie jak systemy ANSYS i LS-DYNA, charakteryzuje si¢ otwarta struktura, ktora pozwala na
dotaczanie tzw. procedur uzytkownika (np. wspomniana wyzej procedura VDLOAD). Za ich pomocg mozliwe jest
zaprogramowanie wlasnych modeli materialéw, warunkéw brzegowych oraz zdefiniowanie nowych elementéw
skonczonych. Procedury uzytkownika moga by¢ rowniez wykorzystane do zadawania nietypowych obciazen a takze sa
przydatne na etapie obrobki uzyskanych wynikow. Wraz z kazda nowa wersja pojawiaja si¢ kolejne procedury, dzigki
ktorym system oferuje wigksze mozliwosci obliczeniowe. Algorytm danego zagadnienia nalezy zaprogramowaé w
jezyku FORTRAN i dotaczy¢ kod zrédlowy na etapie przedktadania zadania do analizy. Proces kompilacji i linkowania
jest wykonywany przez system pod warunkiem, ze w maszynie obliczeniowej zainstalowana jest odpowiednia wersja
kompilatora, kompatybilna z dang wersja programu MES.

W systemie ABAQUS zagadnienia drgan konstrukcji, wywotane dziataniem dowolnego, zmiennego w czasie i
przestrzeni, obcigzenia rozwigzywane sa z wykorzystaniem metod bezposredniego catkowania réwnan stanu. Metody
te, zwane rowniez metodami catkowania ,krok po kroku”, stosuje si¢ do rownan ruchu nie poddanych zadnym
transformacjom. Zaklada si¢ przy tym, ze roéwnanie rownowagi dynamicznej ma by¢ spetnione tylko w wybranych
chwilach, nie za§ w ciaglym zbiorze zmiennej czasowej. Algorytm rozwigzania sprowadza si¢ do poszukiwania

rozwigzan w chwili nastgpnej, zaleznie od rozwigzan w chwilach poprzednich.
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Jezeli na podstawie warunkéw ruchu utozonych w chwili i, wyznaczamy rozwiazanie w chwili i+1, to mamy do
czynienia z tzw. schematem jawnym (ang. explicit). W przypadku algorytméw niejawnych (ang. implicit), rozwiazanie
w chwili i+1 uzyskujemy spehiajac rownania ruchu w tej samej chwili (Gomulinski i Witkowski [20]).

Do grupy metod jawnych zalicza si¢ np. metodg roznic centralnych i metod¢ Rungego-Kutty. Wsrdéd metod niejawnych
wymieni¢ mozna algorytmy Newmarka oraz Geara. Metody Rungego-Kutty i Geara nie znalazly szerszego
zastosowania w mechanice konstrukcji, gdyz wymagaja one sprowadzenia réwnan ruchu do uktadu rownan
rozniczkowych I-go rz¢du. Operacja ta prowadzi do niesymetrycznych macierzy stanu.

Catkowanie metoda ,.krok po kroku” wymaga wykonania znacznej liczby dziatan algebraicznych. Liczba ta jest tym
wigksza, im wigksze s3 wymiary macierzy i wigksza liczba krokéw czasowych. Dlatego tez, w wielu przypadkach
stosuje si¢ tzw. metode superpozycji modalnej. Polega ona na przetransformowaniu réwnan ruchu z wykorzystaniem
macierzy wektoréw wilasnych uzyskanej z rozwigzania zagadnienia wilasnego. Transformacja modalna (wlasna)
pozwala na uzyskanie ukladu niezaleznych réwnan rézniczkowych, ktére mozna rozwigza¢ przy dowolnym
wymuszeniu, korzystajac z tzw. catki Duhamela.

W systemie ABAQUS dostgpne sa dwa moduly obliczeniowe: Explicit i Standard. W module Explicit, rOwnania ruchu
calkowane sa przy uzyciu metody roznic centralnych. Modut Standard ma zaimplementowana procedurg
rozwigzywania zagadnien metoda superpozycji modalnej. Oprocz tego, do analizy tzw. procesow przejsciowych,
system wykorzystuje niejawny algorytm zaproponowany przez Hilbera, Hughesa i Taylora (1978), ktory oparty jest na

klasycznym schemacie roznicowym Newmarka, gdzie wprowadzono dodatkowy parametr ttumienia ae<—1/3;0>

(patrz [1]). Parametr o umozliwia eliminowanie tzw. szumu numerycznego, zwigzanego z wysokimi czgsto$ciami,

ktéry pojawia si¢ w zagadnieniach rozwigzywanych przy uzyciu algorytmdéw ze zmiennym krokiem catkowania.
Przyjecie a =0, prowadzi do schematu Newmarka ( p=1/ 4) , ze wzgledu na staty krok catkowania.

Kolejna réznica wystepujaca w algorytmach catkowania w programie ABAQUS, zwiazana jest z postacia macierzy mas
elementu. W module Explicit ma ona forme¢ diagonalna, dzigki czemu mozliwe jest rozprzegnigeie réwnan ruchu.
Modut Standard wykorzystuje tzw. konsystentna (albo konsekwentng) form¢ macierzy mas tzn. taka, w ktorej stosuje
si¢ te same funkcje ksztaltu, ktére wystepuja w opisie pola przemieszczen (Zienkiewicz [75], [76]).

Przyktady obliczeniowe opisane w pracy zostaty wykonane w module Explicit, cho¢ jest mozliwe ich przeliczenie z
wykorzystaniem solvera Implicit. Analiz¢ porownawcza mozliwosci obydwu modutow, w kontekscie dynamiki

uktadow sprezysto-plastycznych, zawiera praca Zbiciaka [73].





