o
BULLETIN OF THE POLISH ACADEMY OF SCIENCES

TECHNICAL SCIENCES, Vol. 66, No. 5, 2018
DOI: 10.24425/125339

www.czasopisma.pan.pl P N www.journals.pan.pl

POLSKA AKADEMIA NAUK

Stress distribution in an elastic layer resting on
a Winkler foundation with an emptiness

S.J. MATYSIAK' R. KULCHYTSKY-ZHYGAILO?, and D.M. PERKOWSKI*

'Institute of Hydrogeology and Engineering Geology, Faculty of Geology, University of Warsaw,
93 Zwirki i Wigury Ave., 02-089 Warsaw, Poland
?Faculty of Mechanical Engineering, Biatystok University of Technology, 45 C Wigjska St., 15-351 Biatystok, Poland

Abstract. The paper deals with the plane problem of an elastic layer resting on a Winkler foundation with an emptiness. The stresses in the layer
are caused by a given normal loading on its upper boundary plane. The mathematical formulation of the problem leads to a mixed boundary
value problem and it is solved using Fourier transform methods and Fredholm integral equation of the second kind. The detailed analysis is
derived analytically and numerically for an elliptic distribution of boundary loadings. The results for the normal displacement and the stresses

on the lower boundary of the layer are presented in figures.
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1. Introduction

The problems of stress distributions in an elastic layer resting
on arigid or deformable foundation are of significant interest
in geology, in geophysics and in engineering constructions. The
knowledge of mechanical interactions of elastic bodies with
substrates is of practical importance in the design of building
foundations, analysis of railroad tracks, highway engineering.
Few mathematical models of substrates are used there. One of
them is the Winkler model being a one-parameter model which
based on the modulus of subgrade reaction. The Winkler foun-
dations are adopted in many papers and monographs. In paper
[1] the plane contact problem of two infinite elastic layers lying
on a Winkler foundation is considered. Paper [2] deals with the
contact problems of an elastic wedge supported by the Winkler
foundation. The wedge is in the plane frictionless contact with
arigid flat plate. In paper [3] the axisymmetric contact problem
of a rigid conical, paraboloidal or ellipsoidal indenter on an
elastic layer supported by the Winkler foundation is investi-
gated. The solution is based on the fundamental solutions and an
integral equation, which is solved numerically. Paper [4] pres-
ents the plane contact problem of an elastic homogeneous and
isotropic layer supported by a Winkler foundation. The upper
surface of the layer is in plane contact with a rigid punch. The
axisymmetric contact problem for an elastic layer resting on the
rigid half-space with a near-boundary cylindrical excavitation
filled with a deformable material is considered in [5]. The ma-
terial is modelled by a Winkler medium and the layer is pressed
by a rigid sphere or by a rigid flat cylinder. The stress analysis
near a crack tip in an elastic layer resting on a Winkler founda-
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tion is investigated in [6]. The edge crack normal to the lower
boundary plane is taken into account. The stress intensity factor
is obtained on the basis of the solution of the Fredholm integral
equation and some numerical results are presents.

The problems of elastic plates resting on a Winkler founda-
tions are investigated in [7—10]. The estimation of values of pa-
rameter k being the Winkler constant is presented in [11]. Some
comments on the modeling of foundations are given in [12].

Various problems connected with the analysis of soil-foun-
dation integration were discussed in monograph [13]. The
author presents elastic models of soil behaviour, solutions
of problems of beams and plates resting on foundations. The
monograph [14] is devoted to simple methods for analysis of
various structures supported by an elastic foundation (beams,
plates, frames, walls) using the Winkler foundation, elastic
half-space, elastic layer. The contact problem for a functionally
graded layer resting on the Winkler foundation is considered
in [15]. The layer is loaded by a rigid cylindrical punch. The
Poisson ratio is taken as constant and the modulus of elasticity
is assumed to vary exponentially through the thickness of the
layer.

The paper deals with the analysis of stresses in an elastic
layer resting on a Winkler foundation with an emptiness. The
surface of substrate is assumed to be a plane with an infinitely
long strip emptiness. The emptiness is sufficiently deep what
precludes a contact of the layer with the foundation. The
stresses in the layer are caused by a given normal loading of
its upper surface.

2. Formulation of problem
Consider the plane static problem of an elastic layer resting on

a Winkler foundation with an emptiness. Let the problem be
related to a Cartesian coordinate system (x, y, z) such that the
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lower boundary of layer is located along the plane y = 0, Fig. 1.
Let / denote the thickness of layer. The upper boundary y = &
is assumed to be loaded by normal forces symmetrically with
respect to the axis Oy and it is independent of z. The elastic
layer rests on the Winkler foundation characterized by the
stiffness denoted by k. Moreover, the Winkler substrate is
assumed to be a half-space y < 0 with an infinitely long in
the axis Oz direction strip emptiness in the region —a < x < a.
The emptiness is sufficiently deep such that a contact of the
elastic layer with the foundation in the region is impossible. Let
A, 1 be Lamé constants and v be Poisson ratio of the layer. Let
" (x, ) = [u.(x, ), Uy (X, ), 0] denote the displacement vector and
Oyx» Oy Oy, be the non-zero components of the stress tensor.

Xxo

Ay p(x)

T

=y

‘20‘ k

Fig. 1. Scheme of considered problem

The considered problem is described by equations of the plane
theory of elasticity

ou,  ou, 0 (Ou,  Ou,
u( =4 “)+(A+u)(”+”’)—o,

ox? oy* Ox \ Ox oy B
du, 62uy 0 (Ou,  Ou,

=+t — |+ A+ +—|=0,
Ox oy oy \ Ox oy

and the following boundary conditions:
a) on the upper boundary y =/

o,(x,h)=—-p(x), xeRr, (la)
o, (x, h)=0, xeR; (1b)

b) on the interface y = 0
0,(x,0)=0, xeR; (2a)
0,(x,0)=0, [x[<a, (2b)
0,,(x, 0) = ku,(x, 0), |x|>a. (20)

where p(-) is a given even function defining the intensity of
loadings.

The solution of equations for the static state of plane strain
within the framework of linear elasticity can be written in the
following form [6, 18]:

722

0
+ 2(1—v)D]sinh(ay)+[C+ Day +  (3a)
+2(1— v)B]cosh(ay)}sin(ax)da,
u,(x,y) = ;;1\/3.[{[14 + Bay —
0
— (1—=2v)D]cosh(ay)+[C+ Day —  (3b)
— (1-2v)B] sinh(ay)}cos(ax)da,
and
on(x,y) = fja{[A + Bay + 2D]sinh(ay)+
79 (4a)
+[C+ Day + 2B] cosh(ay)}cos(ax)da,
(X, y) = ffa{[f‘ + Bay + D]cosh(ay) +
79 (4b)
+[C+ Day + B] sinh(ay)}sin(ax)da,
27 :
0 (5.) = - |2 [af(a-+ Bay)sinh(ar) +
o (4c)

+ (C+ Day)cosh(ay)}cos (ax)da,

where A, B, C, D are unknown functions of the variable  which
should be determined by using boundary conditions (1, 2).

3. Reduction of the problem to Fredholm
integral equation

The considered mixed boundary value problem can be reduced
to a integral equation. For this aim the following auxiliary
problem determined by the boundary conditions

0,,(x, h) = —p(x), XER, (5a)
o, (x, h) =0, XER; (5b)
o, (x,0)=0, XER; (5¢)
0,,(x, 0) — ku,(x, 0) = f(x), x€R, (5d)

where f(-) is unknown integrable function, will be solved.

From boundary conditions (5) and equations (3) and (4)
the following algebraic equations for unknowns A, B, C, D are
obtained:

(A + Bah)sinh(ah) + (6a)
+ (C + Dah)cosh(ah) = a ' p(a), '

Bull. Pol. Ac.: Tech. 66(5) 2018
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(A + Bah + D)cosh(ah) +

(6b)
+ (C+ Dah + B)sinh(ah) = 0,
A+D=0, (6¢)
—aC—i—%(A — (1-2v)D) =f(a), (6d)
where
= 2 J.p Cos ax (72)
i 0
- |2 J.f cos(ax)d (7b)
i 0
The solution of equations (6) takes the form:
A=-D, (8a)
C= —@ — k—D, (8b)
a ah
(€ + Dah)sinh(ah) o
ahcosh(ah) + sinh(ak)’ (8c)
L CONAC))
b= aW(ah) * a Wy (ah). (8)
where
P k(1—v)h ’ %)
u
W(ah) =
_ (ah)’ —sinb’(ah) — k (ah) '[sinh(ah)cosh(ah) + ah]  (9b)
B ahcosh(ah) + sinh(ah) ’
W (ah) =
sinh(ah)cosh(ah) + ah (%)

(ech)? — sinh®(ath) — k' (ah) '[sinh(ech)cosh(ach) + ah]

The parameter & given by (9a) is dimensionless. The vertical
displacement u,(x, 0) can be calculated using equations (3b)

and (8a):
1—-v [2 %
= =|D 1
u,(x, 0) ” J;'!. (a)cos(ax)da, (10)
and from (8d) it follows that
u,(x, 0) =
I-v 27| ple) | flo) (11)
= = h .
” J;}[{aw(ah) + W, (ach) |cos (ax)do
Bull. Pol. Ac.: Tech. 66(5) 2018

Taking into equations (5d) and (7b) as well as boundary condi-
tions (2b) and (2c) the following relation is obtained:

- ﬁ [0, 0) = ks (¢, 0] cos at)ds =

¢ (12)
_ 2
— kﬁ‘[uy(t, 0)cos(at)dt

Substituting equation (12) into (11) the following integral equa-
tion is obtained

u,(x, 0) +

K27
+ —= | a W (ah)cos(ax)da | u,(t, 0)cos(at)dt =
p) @ aeos) j = 1)

The relations (13) is the Fredholm integral equation of the
second kind for |x| < a, for unknown vertical displacement
u,(x, 0). On the other hand, knowing u,(x, 0) for |x| < a, the
relation (13) permits to determine the vertical displacement
u,(x, 0) for |x| > a. The Fredholm integral equation (13) for
unknown u,,(x, 0), |x| < a will be solved numerically.

4. Numerical solution and analysis
of the considered problem

For the further analysis the following special case of loadings
on the upper boundary plane is assumed:

p(x) = po\/ 1= (x/bY H(b — |x]), (14)

where b is given constant, » > 0 and H(-) is Heaviside’a step
function. The considered problem is symmetric with respect of
axis 0y. Fourier transform of function p(x) can be written in
the form [19]

:ﬁjimcos(ax)dx: ﬁ#za), (15)

where Jj(ba) is the Bessel function of first kind. Introducing
the dimensionless parameters and functions

t _
T=—, a=a's, h=aH, b=ab,
a

. (16)
€ = ka5, 0) = S g 0,

and using (15) from Fredholm integral equation (13) it follows
that
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uy(&, 0) + kT% T s~ W, (sH ) cos(s&)ds x

1 0 8 (b* ) 17
. T cos(s&)J(b's
X | u,(z, 0)cos(st)dr = | ————=ds, E€R.
-([ g ~(|: s*W(sH)
Denoting by
= 2J's "W, (sH)cos(s&)cos(st)ds,  (18a)
™
0
T J b
:JCO 255 1) ds. (18b)
o W(sH)

the Fredholm integral equation (17) for unknown u;(é ,0) can
be rewritten in the form:

1

uy &, 0) + ki [z, O)K(E, 7)dr =

0

F(£), ¢€10,1]. (19)

Taking into account the asymptotic properties of function W, (sH)
given by equation (9c¢):

lim

§—00

Wi (sH) = -1, (20)

it follows that kernel K (&, 7) of integral equation (19) is singular
and has the singularity analogical to function In|& — 7|. Because

W.(sH 1
m BEH) _ 1 21

s—0 K kl

function s~' W, (sH) can be written in the form:
W, (sH ) 1
f *

=- —+ W, (sH). 22
K s+ k s ( ) (22)

The above expression causes that kernel K(&, 7) can be pre-
sented in the form:

K(ﬁa T) — 7K0(§3 T) + Kl(ga T)a (23)
where
2 % cos(s&)cos(s7)
=— | ————ds, (24a)
™ s+ k
K\(& 1) = 2 W, (sH )cos(s&)cos(st)ds.  (24b)

T
0

The function Ky(&, 7) is singular part and K (&, 7) is regular part
of the kernel K(&, 7).
The integral equation (19) will be solved numerically using

the method of collocation. The collocation points &, i =1, ..., n
are positive roots of equation
P, (&) =0, (25)

where P,,(x) is Legendre polynomial of degree 2n [20].
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Denoting by
u,(&,0)=u,, E€(aiy,a), i=1,..,n, (26)
where
a4 =0, a, =1, :% i=1,..n—1. 7

From equation (19) it follows that
algebraic equations:

u,,; satisfy the system of linear

l] + kl n, (28)

> (8~ kim, Dy = FE) i=1, ...

where J;; is Kronecker symbol, M, ,-5-0) and Mlﬁ-l) are the matrixes
obtained by application of numerical procedures for integrals
which included singular and regular parts of the kernel:

uy(z, 0)Ko(&, 7)dr =

Sy S——

1 00
_2 J.u;(l', O)drj cos(s¢)) ccls(sr) s —
T 0 s+ ki
_2 0, J- dz"[ cos(s¢)) cc:s(sr) s —
j:I a S + kl

0 (292)
= 72r Zuy]-[ sé) ds Icos(sr)dr =

j=1 a

_2 uy]J- cos sf sm sa)— sin(sa;_)) g —
T 0 S +k )
=D My
i=1
1
[ 0K (&, 7)dr =
0
2 1 ©
== J.u;(r, 0) drIWCf(s, H)cos(s&)cos(st)ds =
! 0 (29b)
2 < -
= zl uijjj W, (s, H )cos(s&;)cos(st,)ds =
J= 0

_ )
= ZMU Uyjs
j=1

where w;, j =1, ..., n are weights of Gauss quadrature [20].
The improper integrals in equations (18b) and (29) have been
calculated numerically by using Gauss quadrature.

Bull. Pol. Ac.: Tech. 66(5) 2018
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Knowing a solution of equations (28) and parameters u,,; the
vertical displacement u,(&, 0), & > 1 is calculated in the ana-
logical procedure.

The stress components o,,(£, 0) and o,,(&, 0) are well-
known from boundary conditions (2a—2c). The stress compo-
nent o,,(&, 0) can be calculated on the basis (4b) with (4¢):

O(x, 0) = Zﬁj.a Cla)+ B(a)) cos(ax)da +
0
+ 0,,(x,0), (30)
0,,(x,0)= —fjaCcos(ax)da,
4 0
Substituting equations (8) into (30) it leads
G, 0) = —2 ( j ah) +
3
+ pla)W, (ah)) cos(ax)do + o,,(x, 0).
where
hcosh(ah
W, (ch) ahcos (a.)
: ahcosh(ah) + sinh(ah) (329)
a
k'cosh(ach) + achsinh(ach) (h)
. ah),
ahcosh(ah) + sinh(ah) 7
W,,(ah) =
k'cosh(ah) + ahsinh(ah) (32b)

(och)? — sinh?(ah) — k' (cch) [sinh(ah)cosh(ah) + ach]

Substituting equation (12) into (31) and applying dimensionless
parameters and functions (16) it follows that:

G;:X (57 O =

4k1 u,(z, O)drj W, (sH )cos(s&)cos(st)ds — (33)

Y
0

- 2J' s~ W, (sH)Jy(b's) cos(s&)ds + 6,,(E, 0).

where
O-XX(X’ 0) = pOG;x(aéa 0) 5
. (34)
0,,(x,0) = pyo,,(as, 0).
An analysis of functions W, and W, shown their relatively

fast convergence to zero for s — oo, the integrals in equation
(33) are calculated by using Gauss quadrature.

The numerical analysis of dimensionless displacement
u,(£, 0) and dimensionless stress o,,(&, 0) o,,(&, 0) are depen-

Bull. Pol. Ac.: Tech. 66(5) 2018

a)

b)

1:k =1

= 2:k =2
B 3:k =4
b’=2.H=1

Fig. 2. The distribution of displacement on the boundary surface y = 0
where countinous line » = 10; rhomboids: n = 20

dent on three dimensionless parameters: k) (or k'), Hand b'.
The following values of the parameters are taken into account:
kf =1,2,4, H=0.5, 1; b =2. Moreover, the parameter of
numerical method # is assumed as n = 10, 20.

Figures 2a and 2b present the dimensionless normal dis-
placement u;(é, 0) as functions of & = x/a, (Where a is the half
of emptiness dimension).

Figure 2a shows the deflection of lower boundary plane of
elastic stratum represented by displacement u (§ 0) for the case
of elastic layer with thickness # = 0.5a and parameter k, (con-
nected with Winkler parameter k, Poisson ratio v, shear mod-
ulus x and half of emptiness width a, k; = k/H = k(1 — v)a/u)
kf = 1; 2; 4, as well as parameter b*:2, b = b/a is dimension-
less half of the width of loading region on the upper boundary
plane). Figure 2b presents dimensionless displacement uf(é, 0)
for kf =1;2;4,b" = 2 and twice time thick elastic stratum then
in Fig. 2a, namely for H = 1. It can be observed according with
an intuition that the deflections of lower boundary are greater
for thinner stratum. However, the segment in which the deflec-
tion of the lower boundary from the axis ¢ = x/a for & > 1,
is longer for thicker stratum. In Figures 2a and 2b the curves
represented by continuous lines were calculated for n = 10, the
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0.5

2

3

=10

0,5

1k, =1
2:k =2
3k =4
b =2 H=1

-6

Fig. 3. The distribution of stress tensor component o, on the boundary
surface y =0

rhomboids are for n = 20, so for the calculations the number of
collocations points n = 10 is enough.

Figures 3a and 3b show the dimensionless normal stress com-
ponent a;y(f, 0) on the lower boundary of stratum. According
with boundary condition (2b) o;,(&, 0) = 0 for 0 < & =x/a < 1,
and ¢ = 1 is the point of discontinuity. The smallest values of
G;V(f, 0) are achieved for & — 1" and for k| = 4 in the both fig-
ures. The curves represented values of G;y(é:, 0) intersect in the
point which is dependent on the thickness of the elastic layer.

In Figures 4a and 4b the dimensionless stress component
G:X(é, 0) as functions of ¢ are presented. For 0 < ¢ < 1 the com-
ponent takes positive values, & = 1 is the point of discontinuity.
The smallest values of o;fx(é, 0) are achieved for & — 1", Ana-
logically to G;y(é:, 0) the curves represented of G;X(é, 0) intersect
for & ~ 1.2 and tend to zero for & — oo.

5. Final remarks

The problem of stress distributions in the elastic layer resting
on the Winkler foundation with emptiness was considered.
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a) 2

6 -

b =2H=05

-10

b) "2-

25 x/a

10 =1
20k =2
3k =4
b =2 H=1

Fig. 4. The distribution of stress tensor component o,, on the boundary
surface y = 0

The mixed boundary conditions on the lower boundary of the
layer caused necessity of solution of Fredholm integral equa-
tion of the second kind (13), which was derived for any cases
of normal symmetric with respect of axis 0y, loadings on the
upper boundary plane of the layer. The equation (13) was solved
numerically under assumption that the intensity of the boundary
loading is elliptic. It seems that the distributions of normal dis-
placements and stresses on the lower boundary are important,
the numerical analysis has been concentrated on these aims.
The obtained results are presented in the form of figures, which
showed among other things the deflection of the elastic layer
caused by the emptiness. The knowledge of normal displace-
ment above the emptiness or normal stress component on the
lower boundary without the emptiness allows for reducing the
problem of finding the displacements and stress in the inside
of layer.

The obtained stress components o, and o,, are non-sin-
gular (but discontinuous) at the edge of the emptiness. It is
caused by the form of the assumed Winkler type of boundary
conditions (the component o,, is proportional to the u, for
x| > a,y=0).

Bull. Pol. Ac.: Tech. 66(5) 2018
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