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Abstract. Computational modeling for predicting the steady state creep behavior is presented in complex plane for reinforced materials by
complex variable method. Both the fiber and matrix simultaneously creep at elevated temperatures and loading. We suppose that one dimension
of the short fiber is small enough in comparison with the other two (see Fig. 1). In this formulation, plane stress state is used. Finally, displace-
ment rate behaviors are predicted using compatibility, equilibrium, constitutive, and governing equations by complex variable method. One of
the considerable applications of the method is in nano-composites analysis in elasticity or plasticity research.
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1. Introduction

Creep is the inelastic response of materials loaded at high
temperatures. Secondary stage creep or steady-state creep is
a permanent state of creep, in which gradient and slope of
the curve of ¢ — # and ¢ — ¢ is constant and positive, respec-
tively, and ascending behavior is considered at this stage. All
designs based on creep criterion must be carried out in this
stage. Here, the creep strain rate reaches a minimum value and
remains approximately constant over a relatively long period of
time. An idealized creep curve shows the three stages during
creep phenomenon (primary, secondary and tertiary). The sec-
ondary region (II) of the creep is characterized by steady-state
(second stage) creep (the creep strain rate &, = & 1S constant),
in which competing mechanisms of strain hardening and re-
covery may be present. However, for engineering applications,
the steady-state creep rate (plasticity) and elasticity are of major
concern [1-22]. Polymer matrix composites (PMC’s) are being
increasingly employed in construction and their creep behaviors
subjected to stress are receiving more research interest. For
example, creep of PMC’s used in spaceships is very dangerous
and it may happen in spaceships. So the creep phenomenon
must be analyzed to prevent some undesirable events. Complex
variable method presents an important, simple, and applied tool
for solving the problems in plasticity and elasticity subjects
instead of analytical complex and intricate classic methods in
other coordinates and systems. The present technique is also
useful for cases involving anisotropic, thermoplastic, visco-
plastic, plasticity, and creep problems.

Using complex variable methods enables many problems
to be solved that would be nonflexible according to other
schemes. Creep micro-deformations of the short fiber compos-
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ites are a significant characteristic of the materials which are
under mechanical loads and different temperatures. Complex
numbers are utilized in many scientific fields, including engi-
neering and other sciences. In this work, the complex variables
are used for determining the creep analysis in the short fiber
composites in plane stress state for the anisotropic and orth-
otropic materials subjected to the applied load. The general
and widespread texts on the complex variable method were
developed by Muskhelishvili and Kolosov [1, 18], Milne-
Thomson [2], Green and Zerna [3], and England [4]. In those
works, complex variable method and theory was initially used
and formulated in elasticity problems by Kolosov [18]. For
instance, Gao [5] discussed both the displacement function
and the Airy stress function methods which are based on an
extended and complete version of Green’s theory. Also, Barai
and Weng [6] presented a micro-continuum modeling for the
creep behavior of complex nanocrystalline materials. Moreover,
micromechanical analysis of thermo-elasto-plastic behavior of
the metal matrix composites was studied by Tang et al. [7]. In
addition, interesting works have been wrtitten regarding the
creep behaviors of materials [8—10]. Other mathematical models
[11, 12] have been employed to analyze the steady state creep
of the short fiber composites. These include stress behavior
predictions using virtual fiber method at non-reinforced regions
[11], and atomic properties [12]. Also, in recent years, some
research works have been done and developed for analyzing the
creep behavior by various and different methods [19-21]. In this
paper, steady state creep behaviors of short fiber composites are
studied analytically in the plane stress state by complex vari-
able method. Creep displacement rate behaviors are predicted
by means of the compatibility, equilibrium, constitutive, and
governing equations using complex variable method. Finally,
this paper presents a theoretical formulation to predict the creep
behavior in complex plane for reinforced materials by complex
variable method in the plasticity field. The solution and analysis
of the creep problems is very intricate and complex in Cartesian
or other coordinates.
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Fig. 1. A model of the unit cell with the creeping fiber and matrix under
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applied load (stress) “o,” (in X,-direction)
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2. Material and method

2.1. General explanation. Here, consider a plane stress state
of the anisotropic unit cell (as a representative of a complete
composite), nonlinearly plastic orthotropic material undergoing
infinitesimal creep deformations in the usual Cartesian coordi-
nate under applied loading (see Fig. 1).

Also, a unit cell is represented with a fiber and its sur-
rounding matrix. These recent relations are only for simpli-
fication of the relations. The out-of-plane stress and strain
components are considered, and &5 is very small [13]. General
shape of the unit cell with the creeping short fiber and matrix
subjected to axial load in X,-direction is shown in Figs. 1, 2.
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Fig. 2. Graphical explanation of the creeping fiber and matrix under
tensile stress (load) “o,” in X-direction

Figure 1 shows the state before the creep, and Fig. 2 shows
thestate after the creep. First of all, for plane stress problem,
the compatibility equations [1—4, 13, 22-25] reduce to the fol-
lowing conditions,

O3 . ) )

oz YT in =0 870 1)

652:23 =0 by =8 =0, 85 70 @)

aij?iz =0, &3 =2¢3=0, &3 70 3)
28(1212; B 6;221 B 6;222 =0,83=¢63=0,¢837#0. 4
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Now, the equilibrium equations, strain-displacement rela-
tions, incompressibility relation, and other basic equations (i.e.
Egs. (1) to (27)) are necessary to analyze the creep problem. In
general, the equilibrium equations in absence of body forces are
introduced as the following [1-4, 13, 23-25],

0 0 0
o1 G)) 013 —0 (5)
0x, 0x, 0x4
0 0 0
071 02 023 —0 (6)
0x, 0x, 0x4
0 0 0
03] 033 033 —0 )
0x, 0x, 0x4
O3 = Gp3 = G33 = 0, 615(= 1)) # 0. 3

Also, the displacement components satisfy the following,

61 = 0y = o13(xp, X,) 9)
Gy = Gyy = Opy(xy, X,) (10)
Gly = Tiz = Opp(xy, Xp). (11)
Considering
X=X, V=X, 2=X3, ¢ > b > a. (12)

In general, the strain rate-displacement rate relations are
given by the following equations (linear Cauchy’s equations
written as time derivatives of strains and displacements in the
steady state creep) [1-4, 13],

: . o (13)
& = & = —
11 1 axl
: . O
822 — 82 - (14)
0x,
S i
833 — 83 - (15)
Ox5
N PR LT 6
Einy = — = —\— - .
2757 T 5%, T

In Fig. 2, (u,, u,) and (w,, w,) are displacement fields in the
creeping fiber and matrix, respectively. Moreover, subscripts 1
and 2 are related to x; and x, directions; u,,, u,;, w;; and w,p,
are boundary values in the outer surfaces.

That is, the displacement rates (i1, i,) are considered for the
creeping fiber deformation rates. The generalized constitutive
equations for the second stage creep deformations of the fiber
and matrix in x,, x, and x; directions are obtained by combina-
tion of Egs. (1-36). So we have

0y — 03 . . .
o 0’1>0‘2>0’3, 81>82>€3

TIZ 5

(17
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(18)

T3 = (19)
where 0|, 0, and g, are the principal stresses and 7;, 7, and 75 are
the principal shear stress. All relations are the same for creeping
fiber and matrix (we can derive from the related parameters be-
cause the creep state is steady and permanent or second stage
creep). Also 7, 7, and p; are the principal shear strain rates and
&), & and & are the principal strain rates.

Y1 =& — & (20)
V2= 83— & (21
73 =& — & (22)

In the following, hydrostatic and equivalent Huber-Mises
stresses are given by [1-4, 13],

o, +o,+o
Oy = (o) » +03) (23)
3
1
o, = \/5(112 + 7,2 + 132)2 . (24)
In addition, equivalent strain rate is [1-4, 13],
. N2y : . o\g
& = T(Vlz + 7+ )* (25)
Equation (26) is the incompressibility condition.
Ot Oty Oty . . .
— +—F+ — =&+ &+ =0 (26)

0x, 0x, 0x3

In this paper, the steady state creep problem in composites
is studied for two cases (constant € and variable €) by com-
plex variable method. According to the relationship between
the shear stress and the shear strain rate (z o ), have

% + % + ? = € (€ is a constant or variable parameter). (27)
1 2 3

The steady state creep phenomenon mainly happens in the
polymeric matrix composites (PMCs) at low stresses and tem-
peratures [14-17].

Therefore, parameter € is supposed to be constant. It should
be mentioned that parameter € varies in high stress and tempera-
ture regimes because the steady state creep behavior of PMCs
is exceedingly nonlinear and fairly unclear in high stresses and
temperatures.

Thus, the presented method is applicable for the reinforced
materials such as polymeric matrix composites (PMCs) at dif-
ferent conditions. The combination of Eqgs. (23-27) yields

g = g(al (o + ‘;2 +03) ) (28)

911



W\-\'\‘\’.CZ}.{SU].)ihl'l'li{.llilll.pl P
=

N www.journals.pan.pl

V. "Motfared

) € (o) + 0, + 03)
= — - 29
& =5 (‘72 3 (29)
) € (0, + 0, + 03)
&y = — - . 30
3735 (03 3 (30)
Consequently, parameter € may be given by the following,
3¢,
€= 31
o,

e

We know that the equivalent strain rate ¢, have a direct rela-
tion with time Q(z) and equivalent stress I'(q,), that is,
&, = AQNT(0,). (32)
Parameter A is a constant for obtaining the creep constitutive

equations.
& = Q)T (0,), considering A = 1. (33)
This process of the solution (Egs. (32, 33) is similar to (resulted

from) the separation of variables like the methods used in en-
gineering mathematics. So

3Q(1)I (o o o o
8 = (;)g(e) (01_(1+32Jr 3)) (34)
b — 39(;):(%) <62 (o + 032 +03) ) (35)
8 = 39(;):(%) (03 (o + 032 +03) ) (36)

Plane stress state must be considered for solving Eqgs.
(34-36), thus, solution of the mentioned equations yields,

o) = z(M)@gl +é2)

3 : (37)
- é
gy = E(M)(zéz +4) (38)
3 g,

Egs. (37-39) are determined by combination of the Egs. (1-36).
The simple forms of Eqs. (37-39) are as the following,

o 4¢,0, + 2¢,0, _ 4¢, + 2¢, (40)
! 3¢, €
o 2¢,0, + 4é,0, _ 28 + 4é, @
2 3, €
7120 712

3¢

(4

€
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Where €, ¢,, €5 and &, are the strain rate components in the
directions indicated by subscripts. Parameters of ,, 0,, 0, and
7,, are the stress components in the directions indicated by sub-
scripts. Now, problem solution method is divided to the two
different sections of part 1 (constant €) and part 2 (variable €).
It should be mentioned that in above formulations, equivalent
strain rate is introduced by the following,

ée - ée(él’ éz, é:},, 0-1, 0-2, 0-3, t) (44)

2.2. Part 1: constant €. For constant €, the stress and tem-
perature values are low. Using Eqs. (40—43), (5-8), and con-
sidering compatibility relations presented in Eqgs. (1-4) along
with Egs. (13-16), yields,

0%, 0%, 0%,
5 =20 (45)
0x] 0x,0x, 0x3
0% 0% 0%
e “ “ . (46)
ox? 0x,0x, ox3

Equations (45, 46) must be satisfied by the following compat-
ibility equation of Eq. (47),

G o I v O €

0x,0x, ox3 ox?

(47

This system of equations (Egs. (45—47)) can be solved either
concurrently or individually.

z
Xp ==+ =, Xp=—I— —I 48
=5t 5 % (48)
In which,
z=x)+ ixy, Z=2x, — ixy, i*=-1I. (49)
This gives, with the use of the chain rule [1-4, 13],
o _1fo o\ _2a o & _
oz 2\ox, ox,) ox, o6z 08z ox 50
o o 5 * o (o 0
= — —_— , —— — I\— — —
o2 0z 020z 0Ox, oz oz
o 1({a .o\ @ o o7
—_:——+l—’—2:_—2+7_
0z 2 \0x, 0x,] 0x, 0z oz
(51

o? o* o* o*
-2 , =il—-—|
0z0z ) 0Ox,0x, oz? 072

Substituting Egs. (13, 14) and (50, 51) into Eqgs. (45-47) with
considering Eqgs. (40-43) will lead to

Bull. Pol. Ac.: Tech. 65(6) 2017
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(52)

0z0z

Substituting Eqs. (45—47) into Egs. (50,51) for constant €, will
lead to

3[6% N %, L (azaz azuz)} 0 &% 0 (4
1 — =
022 032 0z2 0z% 0z0zZ
0% 0% 0% 0% 0%
3[ 2y _”j—i( e | [ =R JET)
0z 0z 0z 0z 0z0z

0z%

s ),

0z?
5 (00, | i 201y | By 2(0 | Oty
+(6( j;zz 821)4-6(6281;_ 621)_26(66212; le))_ (56)

(P _ B (s _ 2
l(a (62 62) 0 (62 62)

(). o 2)

0% * 072 *

ou o

Adding and subtracting of Egs. (54, 55) yields,

2 27
3[(1—1—1’) “Uia- )8_2}+
oz 0z (57)
2 277
5[(1—1) U 1+ ) aU_]:
20Z 20Z
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N U .6217}
30(1 — i + (1 +1i +
[( ) 72 ( )622
2 277
6U_+(—i+1)aU]=o.

20z

20Z

+5[(1+i)

So have
iU+ U-U+iU
2i

iU+ U—-U+iU
2i '

Uy — iy = (60)

With simplification of Egs. (57, 58) and considering com-
patibility equations (Eqgs. (1-4)), we have

U (1+i) dU  s[dU
02 (1-1i) @ 3| 0zoz
(61)
(+10) 30 }—i— 0(z, 2)
(1—1i) ozoz
-
101-22;2 ——— ©62)

In (61-62), the parameter of 6(z, ) arises from the effect
of compatibility equations. Integrating Eq. (62) with respect
to z, z gives

U=y —ii,= §B(z)dz + pz) + ©(2,2), (63)
where c is closed finite and defined region in the steady state
creep.

$ D(z)dz = 2miResD(z)|, - (64)
That is,
i, = p(2) (65)
i = @(z,2) — 2zResD(z). ., (66)

U= iy + itiy = p(2) + i(w(z, 2) — 27ResD(2)|. _, ). (67)

Also p(z), @(z), U, U and @ (z, Z) are analytic functions.
Next, boundary conditions must be satisfied by the obtained
displacement rate presented in Egs. (68-75). For example J(z)
may be assumed to a polynomial function in order of n with its
unknown coefficients, and these unknowns can be determined
by the following boundary conditions (Egs. (68-75)).

110, x,) = ity (~¢, x,) = dlyp (68)
. C . .
913
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ilx ﬂ — il i (70) (Eq. (1-4)). The boundary conditions (Egs. (68—75)) must be
2\"bg )T T ) T L satisfied by the function of i;(z — z,Z) and 11,(z).

”2(3‘1: ;_b) = _Z:‘Z(xl’ 2) = Uy (71)
111(0, ;) = itp(x}, 0) = 0 (72)
ly(x), =b) = 1y (x), b) = —iiy, (73)
(e, xp) = iy (¢, xp) = %azb (74)
iy, =t iy, = .. (75)

In boundary conditions (68—75), the subscript of /; 7 and m
indicate to the fiber, top, matrix respectively.

2.3. Part 2: variable €. Considering variable € is related to the
high stress and temperature values. With assumption of variable
€ compatibility equation, Eq. (1-4), and using Eqs. (24, 25) and
Egs. (40, 41), have

2 2
c c
2 =0 (76)
ou, Ot 2 ou, Oty 2
(B
0x, 0x, 0x, 0x,
o (8, | o e o (Biy
Phata) o) o)
— 5 5 = 0. (77)
0x,0x, 0x; Ox7

Equation (76) indicates to the dependency of ¢, and o, to-
gether in the plane stress state. Now, equation of the creep rates
with variable € is obtained by the following solution method,

(Gul aal) - 78)
0z oz )
ou ou
(_2 — _2) = (79)
0z 0z
Solving Egs. (78, 79) simultaneously yields
V=z—-2zz, C=r=z. (80)

Where z|, z and Z are the complex variables. With above as-
sumptions (Eq. (80)) and considering compatibility equations
(Egs. (1-4)), we obtain

i = iy(z — z2) + F(z, 2) + 3(2). (81)
Also for u,,

lly = iy(z) +A(z, 2), (82)
In (81-82), ¥(z, Z), 3(z) and ¥(z, Z) are the analytic functions

and also are arising from the effect of compatibility equations

914

3. Results and discussion

3.1. Analyzing the behavior of #,. In the present work, dis-
placement rates were determined by combination and solution
of the compatibility, equilibrium, incompressibility, constitu-
tive equations, strain and stress relations by complex variable
method.

The behavior of the creeping fiber displacement rates i, and
i, is graphically shown in Figs. 3a-d and 4a—d. The behavior of
u, in 3D coordinate with respect to z and z for the low stresses
and temperatures (constant €) is shown in Figs. 3a-d.

For example, linear behavior of #, in 3D coordinate with
respect to z and z is shown in Fig. 3a. Moreover, Figs. 3a-d are
presented for four different analytic functions p(z).

According to Figs. 3a—d, it is concluded that the creep dis-
placement rate behaviors based on the analytic functions of
Figs. 3b, d are approximately correct and exact.

That is, selecting the even polynomial functions as the an-
alytic functions yields the correct behavior in comparison with
the odd functions of Figs. 3a, c. Also, Figs. 3b, d demonstrate
a uniform behavior for #,, and also symmetric behavior is seen
in these figures. In which, these symmetric behaviors in the
diagrams prove the correct behavior of the creep (identical ten-
sile and compressive creep deformations of unit cell due to the
symmetric unit cell). Tensile deformations on the top and down
of the fiber and matrix along with the compressive deformations
on the left and right sides of the fiber and matrix are correct
behaviors of the creep (see Figs. 3b, d).

Prediction of the creep behavior shown in Figs. 3b, d is
more accurate than the prediction presented in Figs. 3a, c. That
is, more accurate results for predicting the creep behaviors are
because of the choosing the even analytic polynomial functions
for p(z).

Tlherefore, choosing odd analytic functions does not result
in more accurate results comparing the even analytic polyno-
mial functions for predicting the displacement rate ;.

3.2. Analyzing the behavior of #,. Here, the behaviors of i, in
3D coordinate with respect to z and z for the low stresses and
temperatures (constant €) are presented in Figs. 4a—d.

In addition, the linear behavior of i, in 3D coordinate with
respect to z and z is shown in Fig. 4d. Moreover, Figs. 4a—d are
presented for 4 analytic functions of p(z).

In accordance with Figs. 4a—d, it is found that the creep
displacement rate behaviors based on the analytic polynomial
functions of Figs. b, ¢ are approximately accurate and correct.
That is, choosing the even polynomial functions as the analytic
functions shows the correct behavior in comparison with the
odd functions of Figs. a, d. In addition, Figs. 3b, ¢ show a uni-
form behavior for #,, and also symmetric behavior is seen in
these figures. These symmetric behaviors in the diagrams show
the correct behavior of the creep. Tensile deformations on the
top and down of the fiber and matrix along with the compres-

Bull. Pol. Ac.: Tech. 65(6) 2017
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Fig. 3. a — Linear behavior of #,; with respect to z, z for p(z) = zcos(z),

b — Nonlinear behavior of i, with respect to z, z for p(z) = z?, ¢ — Non-

linear changes of #, with respect to Z, z for p(z) = Sin(z), d — Linear
behavior of #, with respect to Z, z for p(z) = z*
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changes of #, with respect to z, z for p(z) = Sin(z)
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sive deformations on the left and right sides of the fiber and
matrix are acceptable behaviors of the creep (see Figs. 3b, c).

Prediction of the creep behavior shown in Figs. 3b, c is
more accurate than the prediction presented in Figs. 3a, d. That
is, more accurate results for predicting the creep behaviors are
brought by choosing the even analytic polynomial functions
for p(z).

Thus, selecting the odd analytic functions did not yield more
accurate results in comparison with the even analytic polyno-
mial functions for predicting the displacement rate u,.

4. Summary and conclusion

In present work, a new complex variable method was presented
for analyzing the steady state creep behavior in the short fiber
composites, considering two cases for € (constant and variable).
On the other hand, displacement rate behaviors are predicted
by means of compatibility, equilibrium, constitutive, governing,
and stress-strain relations by complex variable method in the
plane stress state. Partial differential equations were solved in
the second stage creep in the short fiber composites by com-
plex variable method and assumption of the plane stress state.
Therefore, the creep problems may be solved and analyzed by
change of space from Cartesian or polar to the complex plane
simply. It is concluded that selecting the even polynomial func-
tions for analytic function of p(z) are more suitable than the odd
functions for predicting the accurate displacement rate behavior
of the fiber. Finally, some of the complicated problems can be
solved by using complex variable method and dividing them
into real and imaginary parts in the mechanical engineering
and physics.
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