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Abstract
A π-phase-shifted fiber Bragg grating (π-FBG) shows high sensitivity to the ultrasonic (US) wave as
compared to the conventional FBG due to the strong slow-light phenomenon at the resonance peak. However,
its sensitivity is limited by the interrogation schemes. A combination of π-FBG and unbalanced fiber Mach–
Zehnder interferometer (F-MZI) are theoretically analyzed and optimized for the highly sensitive acoustic
sensor. The coupled-mode theory (CMT) and transfer matrix method (TMM) are used to establish the
numerical modelling of π-FBG. For the optimized grating parameters of π-FBG, the proposed sensing
system shows the high strain sensitivity of 1.2× 108/ε, the highest dynamic strain resolution of 4.1fε/

√
Hz,

and the highest wavelength shift resolution of 4.9× 10−9 pm. Further, the proposed sensing system strongly
supports both time and wavelength division multiplexing techniques. Therefore, the proposed sensing system
shows extreme importance in single as well as quasi-distributed US acoustic wave sensing networks.
Keywords: π-FBG, unbalanced F-MZI, strain sensitivity, ultrasonic acoustic sensor.
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1. Introduction

Over the last few years, fiber-optic ultrasonic sensors have attracted massive attention in var-
ious real field applications including – but not limited to – structural health monitoring (SHM)
of civil infrastructures and aerospace structures, medical diagnostics, etc., due to their numer-
ous advantages over lead-zirconate-titanate ultrasonic sensors such as capability of multiplexing,
immunity to electromagnetic and radio frequency interference, ability to work in harsh environ-
ments, remote sensing, etc. [1, 2]. Among the various fiber-optic ultrasonic sensors reported in the
literature, fiber Bragg grating (FBG) based are the ones most frequently used for SHM and non-
destructive testing [1, 2]. It is because FBG exhibits inherent properties of wavelength encoding
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nature, which provides excellent multiplexing techniques, being small in size and easily embedded
into the structural material without degradation of material integrity for real-time sensing [3–11].
The working principle of most FBG acoustic sensors is based on wavelength modulation in which
the dynamic ultrasonic strain wave shifts the Bragg wavelength. The theoretical and experimental
studies show that FBG is hardly sensitive to the ultrasonic (US) wave whose wavelength is smaller
than the grating length [12, 13]. The typical ratio between the grating length and the ultrasonic
wavelength obtained is 1/7 for the high sensitivity acoustic sensor [14]. Therefore, for the high
frequencies of acoustic ultrasonic wave detection, a short length FBG is needed. However, the
short length gratings suffer from low detection sensitivity due to their reduced peak reflectivity
and very moderate reflectivity slope. Recently, Liang et al. have proposed the novel side-lobe
modulation for high frequencies of ultrasonic waves [15]. However, the proposed sensor shows
a weak optical signal and offers low sensitivity. A sensor having high sensitivity along with
a broad bandwidth inspection would be of extreme importance for ultrasonic detection.

A π-phase-shifted FBG (π-FBG) is a special kind of FBG whose reflected spectra have a strong
transmission resonance at the Bragg wavelength due to a π-phase shift in the center of refractive
index change. It shows better sensitivity and is capable of detecting the megahertz frequency range
of ultrasonic signals [16, 17]. Due to strong resonance, a slow-light phenomenon is observed in π-
FBG at Bragg wavelength which increases the optical path length and, thus, enhanced sensitivity
is achieved [18, 19]. Further, light is confined in the phase-shifted area, which reduces the
effective length of the grating and enables the π-FBG to detect megahertz frequencies. Therefore,
in recent years, several ultrasonic sensors based on π-FBG have been proposed for the real-time
SHM measurements [20–23]. Various approaches have been proposed for interrogating the Bragg
wavelength shift of a π-FBG caused by ultrasonic waves. The transmitted/reflected light of the
π-FBG is detected with a single photodetector [17]. However, the sensitivity of the system is
limited by the laser source’s (intensity and frequency) noise level. To minimize the laser intensity
noise, the Pound–Drever–Hall technique can be used [20]. Still, this technique has significant
disadvantages i.e. it is expensive, bulky, and very complicated in practical realization. Moreover,
such a sensing system shows very weak multiplexing techniques. Hence, a balanced photodetector
technique was proposed to eliminate the laser intensity noise [21]. The proposed sensing system
is straightforward, low cost and offers multiplexing techniques. Yet, its sensitivity is limited by
the laser frequency noise and photodetector noise. Hu et al. presented an imbalanced fiber-optic
Michelson interferometer as a reference channel to reduce the laser intensity noise as well as laser
frequency noise of a π-FBG based acoustic emission sensor system [22]. The proposed sensing
system offers multiplexing techniques but the sensitivity is restricted by the photo-detectors’
noise. An ultrasonic sensor based on two cascaded π-FBGs that provide multiplexing capabilities
is demonstrated in [23]. This sensing scheme is based on the broadband light source (BLS);
therefore, the cost of the system is relatively low as compared to the laser-based sensing approach.
However, it suffers from low sensitivity due to the high-intensity noise of the BLS.

Interrogation with an unbalanced fiber Mach–Zehnder interferometer (F-MZI) is known
for high resolution, high sensitivity as well as broad bandwidth detecting scheme for the Bragg
wavelength shifts caused by the dynamic wave [24–27]. Moreover, it allows both the time division
as well as wavelength division multiplexing techniques [24, 25, 27]. An F-MZI converts the shift
in the Bragg wavelength, ∆λB, of FBG into the intensity change. The change in intensity is
proportional to ∆λB, and path-length mismatch d of the F-MZI. Therefore, the sensitivity of the
F-MZI can be increased by increasing the d. However, the maximum path-length mismatch cannot
exceed the coherent length of the signal in the fiber. The coherent length is inversely proportional
to the bandwidth of the reflected signal from the FBG, which is ultimately dependent on the index
change. An F-MZI shows limited sensitivity with the conventional FBGs due to their broader
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bandwidth (> 80 pm). In this paper, we theoretically analyze and optimize an ultrasonic acoustic
sensor based on the π-FBG and F-MZI interrogation scheme for single and quasi-distributed
sensing networks. To do so, first, we optimize the π-FBG for grating parameters, i.e. grating
length (L) and index change (∆n). In most of the practical applications, the grating length of
5 mm is used [15, 16, 21, 23]. To optimize the index change of the π-FBG sensor, the optical path
difference (OPD) of the F-MZI, which is a product of the refractive index of fiber and path-length
mismatch, should be considered. The OPD is also inversely proportional to the spectral bandwidth
of the signal fed into the F-MZI. The maximum OPD of 96 m is reported in [25] for the fiber laser
sensor, to the best of authors’ knowledge. The optimum index change is taken as 1.2 × 10−3. For
the optimum grating parameters (L = 5 mm and ∆n = 1.2 × 10−3), the π-FBG is characterized
by the peak transmissivity of 0.985 and full width at half maximum (FWHM) of 0.012 pm. The
OPD of the F-MZI is calculated at 76.01 m for the given FWHM. A high strain sensitivity of
1.2 × 108/ε and a high strain resolution of 4.1 fε/

√
Hz are achieved from the proposed sensing

system. The achieved strain resolution of the proposed sensing system is much better than 7.3
fε/
√

Hz of [25] and provides a wavelength shift resolution of 4.9 × 10−9 pm. A wavelength shift
resolution of 3.7 × 10−3 pm is reported in [22] for an acoustic-emission sensor based on the
π-FBG and a Michelson interferometer. Our sensing scheme shows a much better wavelength
resolution than reported in [22]. Furthermore, the intensity noise of BLS in the proposed sensing
system can be easily eliminated by using a dual-channel F-MZI configuration [28].

2. Theoretical Modelling

2.1. Acoustic-Ultrasonic Wave Modelling

Acoustic emission is a transient ultrasonic wave with typical frequency varying from 100 kHz
to 1 MHz and generated by damage-related structural changes, such as surface degradation,
defect initiation, crack growth, etc. [1]. A longitudinal US acoustic wave can be considered as
a sinusoidal strain wave which can be given as [12]

ε(t) = εm cos
(
2π
λS

z − ωSt
)
, (1)

where εm is the US acoustic strain field amplitude normalized to the US acoustic wavenumber
2π/λS , λS , and ωS are wavelength and angular frequency of US acoustic wave, respectively, z is
the direction of US wave, and t is instant time.

An FBG is a permanent periodic induced refractive index change along the finite length of the
fiber. The variation of the effective refractive index of fiber along the grating length L is given as

neff(z) = neff + δn
(
1 + ν cos

[
2π
Λ

z + ϕ(z)
])
, 0 ≤ z ≤ L, (2)

where neff is the effective refractive index of fiber in the absence of grating; δn denotes the averaged
index change for a single grating period; ν stands for fringe visibility of index change;Λ is period
of grating and ϕ(z) is grating chirp. Due to this periodic perturbation, a portion of input light is
reflected by the FBG and the remaining light is passed through it. The reflected/transmitted light
has a central wavelength known as the Bragg wavelength which is a multiplication of effective
refractive index and grating period and can be given as

λB = 2neffΛ. (3)
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FBGs are inherently sensitive to strain and temperature. FBG measures all other possible
physical parameters which can be mapped into strain or temperature domains. The shift in the
Bragg wavelength of the FBG due to the change in strain and temperature is given as [30]

dλ = (Kε∆ε + KT∆T ) λB , (4)

where Kε ≈ 0.78 × 10−6ε−1, and KT ≈ 8.6 × 10−6 ◦C−1 are strain and thermal sensitivity coeffi-
cients, respectively. Terms ∆ε and ∆T denote changes in strain and in temperature, respectively.

When longitudinal US acoustic wave, as described in (1), propagates through the FBG, it
changes the effective refractive index and the period of grating. The period of grating is changed
due to the geometric effect. The change in the z-axis is translated to the z′-axis according to the
following formula [12]:

z′ = f (z, t) = z + εm
λs
2π

[
sin

(
2π
λs

z − ωst
)
+ sin (ωst)

]
. (5)

The change in the refractive index is due to the elasto-optic effect and can be expressed as [12]:

∆n′
(
z′, t

)
= − *,

n3
eff

2
+- · [P11 − µ (P11 + P12)

] · εm cos
(
2π
λs

z′ − ωst
)
, (6)

where P11 and P12 are stress-optics coefficients, and µ is the Poisson’s ratio. From (2), (5), and
(6), the new effective refractive index under US wave is given as

n′eff
(
z′, t

)
= neff + δn

(
1 + ν cos

[
2π
Λ

f −1 (
z′, t

)])

− *,
n3

eff

2
+- · [P11 − µ(P11 + P12)

] · εm cos
(
2π
λs

z′ − ωst
)
.

(7)

2.2. Analysis of π-FBG under US wave using the Transfer Matrix Method

In this paper, the transfer matrix method (TMM) [29] is used to simulate the π-FBG for US
wave. In this approach, grating length L is divided into N uniform sections of length δl (δl ≫ Λ),
and constant values of κ and σ are assigned to each uniform section. The transfer matrix of i-th
section is described as

Ti =
[

T11i T12i

T21i T22i

]
=


cosh (Ωiδli) − i

σ

Ωi
sinh (Ωiδli) −i

κi
Ωi

sinh (Ωiδli)

i
κi
Ωi

sinh (Ωiδli) cosh (Ωiδli) + i
σ

Ωi
sinh (Ωiδli)


, (8)

where Ωi =

√
κ2
i − σ

2
i , and σ is general DC self-coupling coefficient is defined as

2πneff

(
1
λ
− 1
λB

)
+

2π
λ
δn.
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The overall response of π-FBG is given as[
Rf N

RbN

]
= [TN ] [TN−1] · · ·

[
Tps

]
· · · [T2] [T1]

[
Rf 0

Rb0

]

= *,
N∏
i=1

Ti+-
[

Rf 0

Rb0

] (9)

where Rf 0 and Rb0 are the input forward, and backward field amplitudes, respectively, and Rf N

and RbN correspond to output field amplitudes. Tps is the phase-shift matrix and can be given
as [29]

Tps =

[
e−iϕ/2 0

0 eiϕ/2

]
, (10)

where ϕ is the shift in the phase of grating and defined as ϕ/2 = 2πneff∆z/λ, ∆z stands for the
separation between two grating sections. Applying the appropriate boundary conditions (Rf 0 = 1
and RbN = 0) in (9), the reflection and transmission coefficients of the grating are calculated as

ρ =
T21

T11
, (11)

t =
1

T11
. (12)

2.3. System Modelling

The proposed sensing system is shown in Fig. 1. The transmitted spectrum of π-FBG is
very complicated and contains many peaks, as shown in Fig. 1, and as such cannot be directly
interrogated by the F-MZI. Therefore, an optimized apodized FBG (AFBG) is used to filter
out the narrow peaks of π-FBG spectra at the Bragg wavelength under the US acoustic wave.
A chirped FBG can be also used for this purpose because it also has a top-hat reflection spectrum.
However, the (relatively small) chirp rate and an appropriate grating length should be chosen to
ensure a high reflection coefficient and desired spectral width. The filtered peak holds the entire

Fig. 1. Schematic of π-FBG ultrasonic acoustic sensor using interferometric interrogation technique.
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characteristics of π-FBG and acts as source input to the interferometer. A circulator is used to
direct the light from port 1 to port 2 and from port 2 to port 3 in clockwise direction.

The output filter power at port 3 of the circulator is given as

Pfilter-out =

∫
P0(λ)Tπ-sensor(λ)RAFBG(λ)dλ, (13)

where P0 is the broadband light source (BLS) output optical power, Tπ-sensor denotes the trans-
missivity of the π-FBG sensor and RAFBG is the reflectivity of AFBG filter. The F-MZI output
power is the coherent sum of fields traveling in both lower and upper arms. For the ideal 50%
coupling at both F-MZI couplers, the output power is given as

P = Pfilter-out (1 + 0.5 cos (ψ(λ) + ϕ)) , (14)

where ψ(λ) = 2πnd/λ is the phase difference due to the path-length imbalance of the F-MZI,
d is the path-length mismatch between the fiber arms, n is the effective index of the fiber core,
and ϕ is a bias phase offset of the F-MZI. The F-MZI sensitivity is maximum for the phase bias
of π/2. For the US strain perturbation, the term detected at the output of the sensor is the second
term of the (14). Thus, (14) becomes

P = 0.5Pfilter-out ψ(λ). (15)

The US strain wave modulates the Bragg wavelength of π-FBG; therefore, the phase of the
F-MZI is also changed. The change in the phase is given as

∆ψ(λ) =
2πnd
λ2 ∆λB , (16)

where ∆λB is the change in the Bragg wavelength due to US acoustic waves. The product nd, in
the above equation, is known as the optical path difference (OPD). For the maximum sensitivity,
the optimum OPD satisfies the condition OPD × δk = 2.355 [24], where δk presents the spectral
bandwidth of optical signal (express in wavenumber/unit) fed to the F-MZI.

The strain sensitivity, Sε , of the system is given as

Sε =
1

Pfilter-out

d P
dε
=

1
Pfilter-out

d P
dψ

dψ
dλ

dλ
dε
=
πnd
λ2 ∆λB . (17)

3. Numerical results and discussion

In this section, we first optimize the π-FBG for the optimum OPD of the F-MZI. We also
assume that the grating is lossless. The lossy grating has a low transmissivity peak and wide
FWHM at the Bragg wavelength [18, 19]. The wider FWHM, the lower the OPD value, and thus
the sensitivity of the sensing system is reduced as stated in (17). The typical length of grating
is taken as 5 mm. Figure 2 shows the change in the resonance peak transmissivity of π-FBG
with index change. For better detection or signal to noise ratio, the resonance peak transmissivity
must be as high as possible [22]. As the index change increases, the transmissivity decreases. It
is due to the increase in the diffraction efficiency of the grating. Therefore, a light start reflected
out at the initial length of the grating as the index change increased. The full width at half
maximum of the transmission resonance peak decreases linearly on the logarithmic scale with
the index change increasing, as shown in Fig. 3. The importance of bandwidth of resonance peak
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is that it determines the OPD of the F-MZI. As discussed in the previous section, the OPD is
inversely proportional to the spectral bandwidth of the signal. The OPD is linearly increased on
the logarithmic scale as the index change is increased as shown in Fig. 4. In the literature, an
F-MZI having maximum OPD of 96 m was used to interrogate the fiber laser-based sensor [25],
to the best of authors’ knowledge. Considering the maximum limit of this OPD, we choose the
index change of 1.2 × 10−3. For the optimum grating parameters, the π-FBG is characterized by
the peak transmissivity of 0.985 and FWHM of 0.012 pm. The OPD of the F-MZI is calculated
as 76.01 m for the given FWHM.

Fig. 2. Transmissivity vs. index change for fixed L = 5 mm (inset figure shows the peak transmissivity
of π-FBG at Bragg wavelength).

Fig. 3. FWHM of resonance peak of π-FBG vs. index change for fixed L = 5 mm
(inset figure shows the FWHM of π-FBG at Bragg wavelength).

As stated in (17), the strain sensitivity of the F-MZI is proportional to the Bragg wavelength
shift of π-FBG. The shift in the Bragg wavelength not only depends upon US strain amplitude,
but it is also highly dependent on the US acoustic wavelength, λS [12]. Figure 5 shows the
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Fig. 4. OPD of the F-MZI vs. index change.

temporal wavelength shift sensitivity Sλ, (i.e., instant time, t, is varying from 0 to US period
2π/λS), which is defined as the ratio of magnitude of change in Bragg wavelength under US
acoustic wave to the Bragg wavelength shift under the static strain and can be expressed as
Sλ (λS/L, εm) = ∆λUS (λS/L, εm) /(λB0εm), of the optimized π-FBG as a function of λS/L for
the strain amplitude of 100 µε. The optimized π-FBG achieves a constant sensitivity for the ratio
λS/L > 2, which is five times lower than the result achieved by Minardo et al. [12] and 3.5 times
lower than in [14].

Fig. 5. Bragg wavelength shift sensitivity of π-FBG, Sλ vs. the US wavelength for the strain amplitude of 100 µε.

The strain sensitivity of the F-MZI for the optimized OPD of 76.1 m is shown in Fig. 6.
The maximum strain sensitivity of 1.2× 108/ε is obtained for the ratio λS/L > 2. The maximum
phase sensitivity (∆ψ/∆ε) which corresponds to the maximum strain sensitivity is calculated at
240 rad/µε. Currently, the F-MZI can detect a high-resolution dynamic phase shift of 1 µrad/

√
Hz

296



Metrol. Meas. Syst.,Vol. 27 (2020), No. 2, pp. 289–300
DOI: 10.24425/mms.2020.132775

[24], which gives a high dynamic strain resolution of 4.1 fε/
√

Hz for the given phase shift
sensitivity. The strain resolution of the proposed sensing system is nearly half as compared to the
strain resolution of 7.3fε/

√
Hz of the fiber laser sensor reported in [25]. Further, for the achieved

strain resolution of 4.1 fε, a wavelength shift resolution of 4.92 × 10−9 pm is easily obtained.
A wavelength shift resolution of 3.7 × 10−3 pm is given in [22] for the acoustic-emission sensor
based on the π-FBG and a Michelson interferometer. The proposed sensor shows a much better
wavelength resolution than that presented in [22].

Fig. 6. Strain sensitivity of π-FBG, Sε vs. the US wavelength for the strain amplitude of 100 µε.

Figure 7 shows the shift in Bragg wavelength and wavelength-shift sensitivity of optimized
π-FBG for the US acoustic strain amplitudes. The ratio of the US wavelength to the grat-
ing length (λS/L) is taken as 3. A linear shift in the Bragg wavelength having a slope of
1.2 pm/µε and constant wavelength-shift sensitivity of 0.774 are achieved. The result shows that
for the ratio λS/L > 2, the proposed π-FBG experiences uniform distribution of strain along

Fig. 7. The Bragg wavelength-shift and sensitivity of optimized π-FBG vs. strain.
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the grating length. As previously discussed, to filter out the resonance peak of π-FBG, a suit-
able apodized FBG filter is required. Recently, we have proposed a new apodization profile
f (z) = J0 (cos (3z/L))8 (cos (2z/L − 1))4, where J0 is the ordinary Bessel function of the 1st

kind of order 0, for the filter and quasi-distributed sensing network [31]. The same apodized
grating is applied here for filtering the resonance peak of π-FBG for the illustration. However,
other apodized FBG such as Gaussian, raised cosine, Tanh4z, etc. may also be used as the filter.
The grating parameters are taken as L = 10 mm, and ∆n = 7 × 10−4. The flat-topped bandwidth
of the filter is 0.51 nm, which can filter the resonance peak for the ±200 µεUS strain amplitudes.
The transmitted spectrum of optimized π-FBG, reflectivity spectrum of apodized FBG, and filter
output spectrum are shown in Fig. 1. The π-FBG sensor used in [22] is characterized by 1 pm
FWHM and peak reflectivity bigger than 99%.

4. Conclusion

The presented numerical investigations show that a π-FBG US sensor exhibits better sensitivity
at high frequency as compared to the conventional FBG US sensors. It is because a slow-light
effect is observed at the sharp transmission resonance peak, which increases the effective optical
path length of light, and, therefore, increased sensitivity is achieved. However, the sensitivity of
the system is limited by the interrogating techniques. In this paper, we theoretically analyzed and
optimized the US acoustic sensor based on π-FBG and a path imbalance F-MZI interrogation
scheme. The optimized proposed sensing system shows the theoretical highest strain sensitivity
of 1.2 × 108/ε and a theoretical dynamic strain resolution of 4.1 fε/

√
Hz. The achieved strain

resolution provides a theoretical wavelength shift resolution of 4.9×10−9 pm. The strain resolution
of the proposed sensing system is much better than 7.3 fε/

√
Hz of [25]. A wavelength shift

resolution of 3.7×10−3 pm is reported in [22] for the acoustic-emission sensor based on the π-FBG
and Michelson interferometer. The proposed sensor shows a much better wavelength resolution
than the one reported in [22]. The strain sensitivity, resolution, and wavelength-shift sensitivity
of the proposed sensing system can further be enhanced by increasing the path mismatch of
the F-MZI to the coherent length λ2/neffδλ, where δλ is spectral bandwidth of transmission
resonance peak of π-FBG. Moreover, the proposed sensing system strongly supports both time
and wavelength division multiplexing techniques. Therefore, the proposed sensing system shows
extreme importance in single as well as quasi-distributed US acoustic wave sensing networks.
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