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Abstract: The paper discusses the modelling of magnetic coupling in ignition coils by
fractional differential equations. The use of fractional-order coupling allows us to consider
the losses caused by the non-linearity of the ferromagnetic core of the ignition coil and
obtain the waveform of the ignition coil’s secondary voltage closest to the values obtained
experimentally.
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1. Introduction

It is difficult to characterize the dynamics of the modern ignition system, as the analytical
results and digital simulation differ from the experimental data. The mathematical model of the
ignition system is represented by differential non-linear equations (in particular case as a linear
system). The secondary voltage produced in the secondary winding of the ignition coil has a
significant influence on the combustion process of the air-fuel mixture. A proper identification
of the shape and parameters of the secondary voltage allows us to effectively model the spark
discharge, which largely determines the combustion process of the fuel-air mixture.

The ability to model and later control the secondary voltage allows us to reduce the toxicity
of fumes and to protect the natural environment by controlling the spark discharge energy. The
results of experimental measurements differ significantly from digital simulations using classical
differential equations describing the voltage waveform in the dynamics of ignition systems.
Therefore, the author has attempted to model the system’s response replacing the classical system
of differential equations with fractional calculus. The modelling solution [1–4] for different
fractional orders of the equation was selected so as to match as closely as possible the waveforms

0

© 2019. The Author(s). This is an open-access article distributed under the terms of the Creative Commons Attribution-
NonCommercial-NoDerivatives License (CC BY-NC-ND 4.0, https://creativecommons.org/licenses/by-nc-nd/4.0/), which per-
mits use, distribution, and reproduction in any medium, provided that the Article is properly cited, the use is non-commercial,
and no modifications or adaptations are made.



228 S. Różowicz Arch. Elect. Eng.

obtained experimentally. To solve the fractional differential equation modelling the spark discharge
system, the solution was approximated by continued fraction expansion (CFE) and the Oustaloup
methods.

2. Model of the ignition system

One of the most important physical phenomena in ignition coils is magnetic coupling. Ac-
cording to the principle of commutation, the current cannot change abruptly when the voltage is
applied to the coil. On the other hand, turning off the voltage, which is equivalent to stopping
the current in the coil, contradicts this principle. Theoretically, the voltage on the coil during the
interruption of the current is equal to the Dirac impulse as for

i(t) = I01(−t), u(t) = L
di
dt
⇒ u(t) = −LI0δ(t).

In order to model this voltage, a fractional model was used. This allows us to transform the
Dirac impulse into a form that better represents the shape and value of voltage in the real system.
Consider a system of two magnetically coupled real coils (RL circuits) (Fig. 1).

Fig. 1. Two magnetically coupled real coils (RL circuits). R1 is the resistance of the
primary coil, L1 is the inductance of the primary coil, R2 is the resistance of the
secondary coil, L2 is the inductance of the secondary coil, M is the mutual inductance

If there is no load (as in Fig. 1), we can write the system of differential equations in form (1).


u1 = i1R1 + L1

di1
dt

u2 = M
di1
dt

. (1)

(The equations are not adjoint).
Using the operator method at a zero initial condition, we get the following system of equa-

tions (1): 
U1(s) = I1(s)R1 + sL1I1(s)

U2(s) = sMI1(s)
. (2)
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By solving (2) we obtain voltage transforms U2(s):

U2(s) =
sMU1(s)
R1 + sL1

. (3)

Assuming that the voltage u2(t) takes the form shown in the figure (Fig. 2)

u1(t) = U [1(t) − 1(t − t0)] , (4)

where
– 1(t) is the unit step function,
– U is the battery voltage,
– t0 is the impulse duration

and determining its transform

U1(s) =
U
s

(
1 − e−st0

)
, (5)

we calculate the voltage transform U2(s) as follows:

U2(s) =
U M

(
1 − e−st0

)
R1 + sL1

. (6)

Fig. 2. Rectangular voltage function

The inverse transform, that is the voltage u2(t), is

u2(t) =
UM
L1

[
e−

R1
L1

t1(t) − e−
R1
L1

(t−t0)1(t − t0)
]
. (7)

The solution was obtained assuming the linearity of the coils without regard to losses caused
by the ferromagnetic core. According to the literature, [5–7, 16, 17, 20] the omitted losses can be
modelled using fractional-order derivatives.

In this case, we use the derivative only for magnetic coupling and obtain the following form
of system (1): 

u1(t) = R1i1(t) + L1
di1(t)

dt

u2(t) = Mα
dαi1(t)

dtα

. (8)
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Mα is the mutual inductance of fractional order whose unit is expressed by the formula:[
Mα =

H
s1−α = Ωsα

]
.

The above unit results from the correctness of physical relation

Mα
dαi1
dtα

,

where the unit of the voltage V should appear.
Since no theoretical premises concerning the value of Mα are known, it is obtained experi-

mentally.
Consequently, in accordance with [8, 9] the system (2) is written as:

U1(s) = I1(s)R1 + sL1I1(s)

U2(s) = sαMα I1(s)
. (9)

The equations in (9) are not adjoined (as in system 1), so the current transform I1(s) is
expressed by relation (2), and the voltage transform U2(s) by

U2(s) =
sαMαU1(s)

R1 + sL1
. (10)

Substituting the voltage U1(s) by (5) we obtain:

U2(s) =
sαMαU

(
1 − e−st0

)
s(R1 + sL1)

. (11)

Since the fractional power s is present in Formula (11), the CFE expanding the expression
(1 + x)α for 0 ≤ α ≤ 1 [10] into a continued fraction is used to determine the inverse transform.

In the CFE fractional power s can be represented as the quotient of the polynomials of the
variable s and the order of the derivative α. Here the variables appear as integer exponents
[11, 12].

sα �
N (s, α)
D(s, α)

=

A∑
k=0

PAk (α)sA−k

A∑
k=0

QAk (α)sA−k
, (12)

where A is the approximation order.
PAk (α), QAk (α) represent the polynomials α of order A.
Assuming that approximation order A = 5, the polynomials have the following form:

P50(α) = Q55(α) = −α5 − 15α4 − 85α3 − 225α2 − 274α − 120,

P51(α) = Q54(α) = 5α5 + 45α4 + 55α3 − 1 005α2 − 3 250α − 3 000,

P52(α) = Q53(α) = 10α5 − 30α4 − 410α3 + 1 230α2 + 4 000α − 12 000,

P53(α) = Q52(α) = −10α5 − 30α4 + 410α3 + 1 230α2 − 4 000α − 12 000,

P54(α) = Q51(α) = −5α5 + 45α4 − 5α3 − 1 005α2 + 3 250α − 3 000,

P55(α) = Q50(α) = α5 − 15α4 + 85α3 − 225α2 + 274α − 120.

(13)
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In [18] it is shown that the approximation of the A = 5 order gives a relatively highest accuracy
for the fifth-degree polynomials. Increasing the approximation order at the cost of the increased
number of terms only slightly improves the accuracy.

Thus the voltage transform at the output of the system is written as:

U2(s) =
U MαN (s, α)

(
1 − e−st0

)
s(R1 + sL1)D(s, α)

. (14)

Since we know the value of the derivative order α, it is possible to determine an inverse
transform, by using, for example, the residuum method.

The second method used to approximate the sα factor is the expansion into the Oustaloup
series where for the frequency range (ωl, ωh) the above factor is shown as the transfer function
H (s) [13–15]:

sα ≈ H (s) = C0

N∏
k=−N

s + ω′
k

s + ωk
, (15)

where:
– N is the order of approximation,
– C0 is the gain described by the relation

C0 =

(
ωh

ω1

)− α
2 N∏
k=−N

ωk

ω′
k

, (15a)

– ω′
k

represents zeros of the H (s) transfer function

ω′k = ωl

(
ωh

ω1

) k+N+0.5(1−α)
2N+1

, (15b)

– ωk represents poles of the H (s) transfer function

ωk = ωl

(
ωh

ω1

) k+N+0.5(1+α)
2N+1

. (15c)

Substituting Formula (14) according to (15):

N (s, α) = C0

N∏
k=−N

(
s + ω′k

)
, D(s, α) = C0

N∏
k=−N

(s + ωk ) ,

we obtain the Oustaloup approximation of the voltage transform u2(t). Since it contains only the
integer exponents of s, we can determine the inverse transform by using standard methods.

3. Laboratory experiments

The experiment consisted in recording voltage at the secondary terminals of the ignition coil.
A DPO 4104 digital oscilloscope was used to record the u2 voltage. The recorded waveform is
shown in Fig. 3.
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Fig. 3. Oscillogram of u2 voltage

The time waveform of the secondary voltage u2(t) of the ignition coil induced by the magnetic
coupling was recorded in the absence of spark discharge. The spark discharge on the spark plug
takes place when the u2 voltage rises (this section of the waveform is marked red in Fig. 3. In
view of the above it appears that it is important to model the u2(t) voltage and the moment of
ignition at the u2 rise in this particular section of the time waveform.

4. Numerical experiments

Mathematical modelling of the u2(t) voltage consists in performing a series of numerical
experiments to develop the model most accurately describing the real waveform presented in
Fig. 3. The modelling was conducted for the power supply of the primary winding in the form
of a unit function. For numerical experiments the following parameters of the ignition coil were
used: L1 = 0.01 H; L2 = 40 H; Mα = 0.57 Ωsα; R1 = 2.8 Ω; R2 = 4 000 Ω; U = 12 V.

The fractional calculus was used to approximate the u2 waveform. The derivatives were
calculated using CFE and Oustaloup methods, and the simulation was conducted for α fractional-
order derivatives from 1.0 to 0.7. The results for α = 0.9 and α = 0.8 are presented below. To
assess how well the model matches the parameters of the real object, the u2(t) waveforms for
classical coupling (uk ), fractional coupling calculated by CFE – (u f ), and the Oustaloup (uO)
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approximation of the fifth order at given α values were compared with the laboratory results. The
first stage included the simulations at α = 0.9.

The results in Fig. 4 show that the u2(t) waveforms determined by the Oustaloup and CFE
methods are similar to the waveforms obtained by measuring the real object only for the initial
phase of voltage rise (up to approx. 300 V). The next phase shows considerable differences both in
the rate of the voltage rise and its maximum value. Thus the waveform matching is unsatisfactory
in both cases (both in the Oustaloup and CFE methods). The further stage included the simulations
at α = 0.8. The results are shown in Fig. 5.

Fig. 4. The waveforms of u2(t) voltage for classical coupling (uk ) and fractional coupling
calculated using CFE − (u f ) and Oustaloup (uO ) methods at α = 0.9

For loads with fractional-order coupling, we assume that

Mα = 0.57
H

s1−α .

There are no theoretical premises concerning the value of a fractional-order coupling coeffi-
cient so, we choose its unit and α value on the basis of experimental results.

The results of the u2 voltage simulations for α = 0.8 obtained using the Oustaloup method
[19] confirm good matching of the waveforms and can serve as a model of the u2 voltage resulting
from the fractional coupling. In all simulations for α from 1.0 to 0.7, a better waveform matching
was obtained for the fractional method than for the classical one (the results of the classical
method are presented in [2, 11]).

The results of the tests clearly indicate that magnetic coupling is of fractional order.
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Fig. 5. The waveforms of u2(t) voltage for classical coupling (uk ) and fractional coupling
calculated using CFE − (u f ) and Oustaloup (uO ) methods at α = 0.8

5. Conclusions

As seen in Figs. 4 and 5, the secondary voltage waveform modelled (until the ignition starts)
by the fractional-order coupling matches the empirical waveform, (the best results were obtained
for α = 0.8 using the Oustaloup method). The use of the fractional-order coupling takes into
account the losses caused by the non-linearity of the ferromagnetic core of the ignition coil,
which has not been considered in earlier models. We can conclude that the use of the correct α
order allows for the consideration of losses resulting from the coupling, non-linearity and other
empirical parameters of the ignition coil.
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